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High-order harmonic generation in atomic gases irradiated by intense femtosecond laser pulses has some intriguing properties, especially concerning its temporal and spectral characteristics. The ultrashort duration of high-order harmonics generated in the form of a single pulse or a train of pulses ͓1,2͔ is believed to be able to pave the way for timeresolved studies of ultrafast physical processes occurring on femtosecond or even attosecond time scales. Moreover, the highest frequency part of high harmonic spectra can now reach the water-window x-ray region ͓3͔ where biological applications are rich. The temporal and spatial coherences of high harmonics necessary for these applications have been demonstrated to be of good quality ͓4͔. Much effort ͓5,6͔ is currently being devoted to controlling and optimizing the temporal, spectral, and coherence properties of high harmonics, and enhancing the high-harmonic-generation efficiency. In order to accomplish these goals successfully, it is essential to comprehend in full detail the time-frequency characteristics of high harmonics, and their dependence on system parameters.
The underlying mechanism and basic features of high harmonic generation have been uncovered to a great degree, thanks mainly to the semiclassical interpretation ͓7͔ and the Lewenstein model ͓8͔ incorporating the strong-field approximation. One of the subtle but important predictions made by these approaches and the quantum-path analysis ͓9,10͔ is that each high harmonic in the plateau region consists of two dominant components associated with the short and long electron trajectories that return to and recombine with the parent ion within one optical cycle after tunneling ionization. For a short laser pulse that has a rapidly varying instantaneous intensity, the two trajectory components experience different amounts of time-dependent frequency shift, and hence different spectral broadenings, because their phases have different intensity dependences. Several experimental and theoretical studies ͓5,11,12͔ showed directly or indirectly that high harmonics do have time-varying frequencies, all arriving at the same conclusion that they are negatively chirped. In these studies, the dipole phase was assumed to depend linearly on the laser intensity, i.e., ⌽(t)ϭ␣I(t), where ␣ is a constant specific to each trajectory ͓9͔. Thus the time dependence of the dipole phase has been supposed to follow the pulse shape I(t) directly. This assumption, however, appears to lead to incorrect predictions in certain parameter regions, as will be demonstrated in this work. To the best of our knowledge, a complete description of the induced chirp of high harmonics, given in a detailed manner based on a quantitative analysis, is still missing.
In this paper, we present calculations of the induced harmonic chirp obtained from numerical solutions of the timedependent Schrödinger equation ͑TDSE͒. The Wigner distribution ͓13,14͔, that has been proven powerful for investigating quantum states in phase space, is employed in our time-frequency domain analysis. It is found that, when the laser intensity exceeds the saturation intensity for the optical field ionization, the chirp induced in the two trajectory components can have opposite signs, i.e., the long trajectory component can be positively chirped while the short trajectory component is negatively chirped. We immediately note that this finding cannot be explained by the simple expression ⌽ϭ␣I, since this is bound to predict that the two trajectory components will experience chirps of different amounts but with the same sign ͓9͔. We present a precise semiclassical analysis that resolves this discrepancy, and reproduces the quantum-mechanical calculations remarkably well. Finally, using the present time-frequency analysis, we show that the large blueshift recently observed ͓15͔ is indeed largely due to the single-atom response to the rapidly increasing laser intensity, which confirms the semiclassical interpretation presented there ͓15͔.
The variation in time of the frequency of high harmonics, which is not revealed by a standard Fourier analysis, can be exposed effectively by means of distribution functions defined in the ͑two-dimensional͒ time-frequency domain. Among a broad class of time-frequency distributions ͓16͔, choose we here to use the Wigner distribution ͑WD͒, that is defined by
where E(t) is a time signal under inspection. For E(t) we will substitute a suitably frequency-windowed dipole acceleration that is calculated from the one-dimensional TDSE. One interesting feature of the WD is that it satisfies the marginals: the temporal pulse shape ͉E(t)͉ 2 ϭ͐W(t,)d, and
)dt, where Ẽ () is the Fourier transform of E(t).
A clear insight into how the WD grasps the fine detail of the time-frequency characteristics of high harmonics can be gained from Fig. 1͑a͒ , which was obtained for a neon atom exposed to an 80-fs, 800-nm pulse with a peak intensity of Iϭ3.6ϫ10 14 W/cm 2 . In obtaining Fig. 1͑a͒ , we eliminated the contribution from multiple recollisions that deteriorate the resolution of the WD using the coherent sum method ͓17͔. It can be seen that, near the center of the incident pulse (tϭ0) where a major portion of the 47th harmonic is emitted, there exist two peaks having different slopes. The peak with the smaller slope corresponds to the short trajectory ( s ) component, and that with the larger slope to the long trajectory ( l ) component. In this region, both components are negatively chirped and almost symmetric about the center, and the expression ␦ϭ‫ץ‬⌽/‫ץ‬tϭ␣‫ץ‬I/‫ץ‬t can provide a good description of the chirp. It is estimated from Fig. 1͑a͒ that ␣Ӎ4 and 20ϫ10 Ϫ14 rad/W cm Ϫ2 for the s and l components, respectively. As we move from the center to the edges of the pulse, we observe that the two components become curved and eventually meet each other when the instantaneous laser intensity coincides with the cutoff intensity for the 47th harmonic (tӍϮ11). Other harmonics in the plateau region were found to exhibit a qualitative behavior similar to that shown in Fig. 1 .
For a comparison of the above result with the semiclassical calculation, we use the following approximate expression for the phase of the q-th harmonic ͓18,19͔:
where 0 , m e , and I p are the laser frequency, electron mass, and ionization potential, respectively, and the integration part is the classical action of the electron that is released from the core at t 0 , and returns to the core at t r with a kinetic energy Kϭqប 0 ϪI p . The instantaneous frequency variation of the qth harmonic can then be calculated by
Here we are also interested in inspecting the limitation of the statement of the semiclassical two-step model ͓7͔ that, when ionization occurs, the electron is released from the ionic core with zero initial velocity (v 0 ϭ0). Under this assumption, t 0 and t r take real values. On the other hand, if we use the accurate initial velocity calculated from the relation m e v 0 2 /2 ϩI p ϭ0 that is given by the saddle-point analysis ͓8͔, we obtain complex-valued t 0 and t r . We consider both cases and compare them below.
The semiclassically calculated time dependence of the 47th harmonic frequency is displayed in Fig. 1͑b͒ , where the dotted and solid curves represent the results for the electron released with v 0 ϭ0 and Ϯiͱ2I p /m e , respectively. Comparison between Figs. 1͑a͒ and 1͑b͒ shows that both curves well simulate the exact quantum-mechanical result near the center of the laser pulse. Although ‫ץ‬⌽/‫ץ‬I depends on the laser intensity, as can be seen from the inset in Fig. 1͑b͒ , in the limited region near the center of the pulse it can be assumed to be constant and set to ‫ץ‬⌽/‫ץ‬IӍ␣. Then ␣, determined from the inset in Fig. 1͑b͒ agrees well with the result estimated earlier from Fig. 1͑a͒ . However, as the instantaneous laser intensity decreases to the cutoff intensity for the 47th harmonic (tӍϮ11), the two curves begin to separate from each other, with the solid curve closely following the quantum calculation shown in Fig. 1͑a͒ . This indicates that the imaginary-valued initial velocity, which leads the electron to move along a ghost trajectory ͓20͔ in the complex plane, causing the action to take a complex value, plays an important role in the cutoff region. In other words, the tunneling effect, that is properly taken into account by setting I p 0 and allowing physical variables to take complex values, has a noticeable influence in this region.
As the laser intensity grows greater than the saturation intensity, the harmonic chirp begins to behave in a more complicated manner than the equation ⌽ϭ␣I can describe. This can be clearly illustrated by Fig. 2͑a͒, that by suitably changing the position of the gas jet relative to the laser focus ͓2͔, the positively chirped l component should not be neglected, but need be treated as importantly as the negatively chirped s component. We note that, at laser intensities slightly lower than that of Fig. 2 , there would be a non-negligible distribution around tӍϪ12, where the sign of the chirp of the l component changes. The complicated spurious structure in Fig. 2͑a͒ between the two harmonic peaks is attributed to the inherent nature of the WD ͓16͔, that may be suppressed by using other distributions, such as the Husimi distribution ͓14͔ or the Choi and Williams ͓16͔ distribution.
The fact that the s and l components can have chirps with opposite signs strongly suggests that ␣ should be a variable rather than a constant. When the laser intensity is lower than the saturation intensity, high harmonics are generated mostly over a limited intensity range near the center of the pulse, where ␣ may be assumed to be constant. In contrast, in the saturation regime, high harmonics are generated over a relatively broad intensity range on the rising side of the pulse, until the atom is completely ionized; furthermore, the harmonic generation process lasts for a very short period of time. In this case, the rate of change in the harmonic frequency can be significantly affected by a small variation in ␣. In fact, as the inset in Fig. 1͑b͒ shows, the intensity dependence of ‫ץ‬⌽/‫ץ‬I cannot be ignored, and ␣ itself should thus be considered as an intensity-dependent variable ͓10͔. The precise semiclassical calculation performed based on Eqs. ͑2͒ and ͑3͒ is presented in Fig. 2͑b͒ . It is found to be in good agreement with the quantummechanical result shown in Fig. 2͑a͒ .
Another advantage of the present time-frequency analysis using the WD over the conventional Fourier analysis is prominently visible when the induced chirp becomes so large that neighboring harmonics of different orders overlap one another, making it nearly impossible to distinguish individual harmonics exhibited by the Fourier spectrum. This situation is encountered in particular when the laser intensity is so strong that the high harmonics undergo a huge blueshift. To make this point clear, in Fig. 3 we present an experimentally obtained high harmonic spectrum together with one calculated from the TDSE for a neon atom exposed to a 27-fs, 817-nm laser pulse of intensity Iϭ1ϫ10 16 W/cm 2 . Our experimental setup was described elsewhere ͓15͔. In Fig.  3͑b͒ , we remove harmonic components other than the s component using the coherent sum method ͓17͔, since under our experimental condition only the s component was observed ͓21͔. Whereas the experiment yields well-resolved harmonic peaks, the numerical spectrum is smeared with a complicated structure, in this case, owing to the large chirp induced in the s component. Note in Fig. 3͑a͒ that the 85th harmonic is blueshifted to 88.5 0 . The large blueshift experimentally observed cannot be directly compared with the numerical result because of the complicated spectral structure in Fig. 3͑b͒ ; however, the use of the WD overcomes this difficulty impressively.
Shown in Fig. 4 is the WD corresponding to Fig. 3͑b͒ . There appear two different kinds of stripes parallel to horizontal dotted lines, one with only peaks ͑black͒ and the other with alternate peaks and valleys ͑white͒. The former corresponds to odd-order harmonics, while the latter, lying between the odd-order harmonic stripes, are artifacts pertaining to the WD ͓16͔ that do not represent any meaningful har- monic signals. A similar striped pattern appears parallel to vertical dotted lines. Any valuable information is contained only in those stripes guided by the dotted lines. Note that there is one such vertical stripe per half optical cycle. This means that the time marginal of the WD consists of a train of ultrashort pulses with two pulses bursting per optical cycle, in accordance with the semiclassical prediction. In spite of a large frequency spread greater than 2 0 ͑the interval between adjacent harmonics͒, individual harmonics are readily distinguishable in this time-frequency domain. Counting harmonics from the fundamental directly up to a given harmonic, we can determine the harmonic order and its timefrequency distribution. For example, we find that as time evolves the 85th harmonic sweeps from 90 0 to 87 0 , with a peak near (87.5-88.2) 0 . Even though this single-atom numerical peak for the 85th harmonic is slightly below the experimentally observed one, it is obvious at least that the experimental 85th harmonic falls within the range of the maximum variation of the numerical 85th harmonic frequency.
The small discrepancy between the experimental blueshift and the single-atom result, and the mechanism behind the appearance of discrete experimental harmonic peaks in this far-above-saturation regime, could be connected with the propagation effect. The free electrons produced in an ionizing medium induce a phase mismatch among harmonics generated at different positions, which limits the coherent growing in the trailing edge of harmonic pulses; consequently, the phase-mismatch effect shortens the harmonic pulse train toward the front part ͓18͔. Because the s component is negatively chirped, the spectral center of the 85th harmonic will then be pushed toward a higher-frequency region. This may account for the small discrepancy in the harmonic blueshift mentioned above. In addition, the net spectral broadening caused by the chirp will be somewhat reduced ͑see Fig. 4͒ , which may result in well-resolved harmonic peaks. This implies that, in the saturation regime, the ionization effect should be taken into account in discussing the phasematching condition as well as the geometric effect associated with the laser focusing ͑the Gouy phase͒ and the intensitydependent dipole phase ͓22͔. In particular, the ionization effect may modify the time-frequency characteristics of high harmonics in the way just described.
In conclusion, we have demonstrated the functionality of the Wigner distribution in investigating the time-frequency characteristics of high harmonics. This approach has enabled us to explore several interesting aspects of high harmonics, such as the dynamically induced chirp, the tunneling effect near the cutoff laser intensity, and the single-atom effect on the blueshift. This approach, along with the coherent sum method ͓17͔, can especially serve as a useful tool for analyzing characteristics of high harmonics in the plateau region that have remained concealed under the complicated spectral structure present in the Fourier spectrum ͓11͔. Applications that can take advantage of the unique capability of this timefrequency analysis for analyzing high harmonics are manifold: it may facilitate the development of tunable coherent soft-x-ray sources utilizing high harmonics ͓15͔, and it can provide valuable quantitative information on the harmonic chirp for using chirped laser pulses to control the harmonic spectrum ͓5͔ and for using a grating pair to compress high harmonics to subfemtosecond time scales ͓11͔. 
